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1. Mé dau

Tiép xtc truc tiép véi thiy/cd cac khoa Xay
dung, bia chit... trong trieong, cac hoc vién cao
hoc nhiéu nganh ngh&; doc cac tai liéu tric dia, dia
chat, xdy dung (V6 Trong Hung, 1992, 1993),
chiing t6i thdy mét s6 van dé vé tinh toan dworc dat
ra. Bai ndy trinh bay bai ban, ngin gon cic van dé
do, hy vong cung cap cach nhin tdng quan vé mét
cong cu co ban cho cac linh vuc ky thudt trong
trwong, d6 la sai s6 va noi suy.

Vé sai s0, ching toi liét ké tat ca cac loai sai s6
nham phéc thdo birc tranh toan canh dé trong
nhitng tinh hudng cu thé nha ky thuit dwa ra cac
gidi phap hiru hiéu han ché sai s6, dac biét doi véi
loai sai s6 khong thé danh gia chinh xac dworc.

Trong muc 2.2 phén 4, ching t6i 1dy mét vi du
cu thé dé trinh bay sai s6 hé thong hay sai s6
phuwong phdp véi Iwu y dac biét 1a: c6 nhiéu
phuong phap gidi cho cing mot bai toan. Moi

“Tdc gid lién hé
E - mail: nguyenvanngoc@humg. edu. vn

phuong phap co6 thuat toan riéng véi do phire tap
va sai s0 ctia két qua cudi cung khac nhau. Viéc lya
chon phwong phap (quy trinh) 1a cong viéc cuc ky
quan trong. Trong thuc t€ ta van thwong thiy
“ding quy trinh” nhung van khong cho két qua
nhw y, d6 1a quy trinh qua phtrc tap (khong kha
thi) hoac sai s6 qua 16n (khéng ding ngwoi ding
viéc).

Vén dé noi suy cho két qua 1a ham s6 mot bién
s0 1a bai toan co ban cla phwong phép tinh, duoc
trinh bay trong moi tai liéu vé phwong phap tinh.
Tuy nhién, ndi suy véi dit liéu cho trudce tai cac
diém M(x; y;) va két qua la ham sé hai bién s6 dwoc
dat ra béi cac thay/co trong triromg da thoi thic
chiing t6i manh dan mé rong két qua cho bai toan
méi véi hy vong cac thiy/cd ap dung duoc vao
cong viéc cia minh va rat mong nhin dwoc sw
phan hoi tir thue té d€ chung t6i hoan chinh cac
danh gia ly thuyét vé sai s6. Trudc mat chung toi
chi thuyét phuc thong qua cac vi du minh hoa &
phan cuéi cling cta bai nay.

2. Sai s6 va sai so tinh toan.
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2.1. Phdn logi sai s6

Van dé sai s6 dwoc dit ra trong moi linh vue
kinh &, khoa hoc, k§ thudt: ky thuat dau khi, ky
thuét dia chit, ky thuat xy dwng... Sai s6 khi danh
gia tritr lwong mot mo dau; khi do téc dd cia mot
phuong tién; khi danh gia két qua mot cong viéc,
mot bai thi. Sai s6 ctia gia tri mot biéu thirc khi cac
toan hang tham gia biéu thirc d6 c6 sai s6... Viy v&i
mdi dai lwong, sai s6 dwoc hiéu thé ndo? DE tra 1o
ciu hoi nay nguwoi ta phan chia ra cac loai sai s6
khéac nhau véi cac cach nghién ctru rit khac nhau.

Mot dai lwong can nghién ctiru U dwgce x4p xi
bang mot hang sd a. Néu U dugc hiéu 1a mot bién
ngau nhién thi sai s6 |U-a| 1a bién ngiu nhién va
sai s trong trudmg hop ndy goi 1a sai s6 ngiu
nhién. Sai s6 ngAu nhién dwoc nghién ctru bang ly
thuyét xac suit va thong ké bdi cac bai toan
phwong sai, wéc lwong ky vong ...

Nguoi ta ¢ thé xem dai lwong U nhw 1a mét
bién s6 thuc, khi d6 |U-a| 1a bién s6 thwec. Sai s6
trong trwong hop nay goi la sai s tinh todn va
dwoc nghién ctru trong giai tich ham.

Mot dai lwong cling c6 thé dwoc danh gia bang
cac phwong phap, bang cac hé théng quy tac khac
nhau. Sai s6 phat sinh trong treedng hop nay goi la
sai s6 phwong phap hay sai s6 hé thong. C6 nhiéu
cach danh gia sai s6 hé thong nhw lam cac thuc
nghiém, cac kiém dinh, dung giai tich ham, v.v...

Tré lai sai s6 tinh toan. Pai lwong cin xac dinh
U c6 sai s6 phu thudc vao cac toan hang tham gia
qud trinh tinh U. D€ nghién ciu sai sO trong
trwong hop nay, truede hét phai nghién ciru sai so
cla cac toan hang riéng lé, chi tiét dwoc trinh bay
sau day.

2.2. Sai sd tinh todn

DéE tién theo doi, & day nhic lai vai khai niém
co ban (T6 Van Pinh va nnk, 2016).

Xét dailwong A (n6i chung A khéng biét chinh
xac, ta xem no6 nhuw 1a bién sd).

Ta néi s6 a (cho trudc) 1a x4p xi cia A véi sai
s0 (sai s0 tuyét déi hay sai s6 tuyét doi gidi han) 4,
néua-4.<sAsa-A4,

Tircla: |a-A| <A (1)

N6i cach khac, s6 dwong 4, dwoc goi la sai s6
tuyét déi ciaanéu: [a-A [ <A

Khi détaviét: A=a + Ao

Pai lwong 6 goi 1a sai s6 twong doi ciia s6 a:

— La
" lal (2)

Sai s0 twong d6i cho biét mirc do tin ciy cta
sO xap xi. Sai s6 tuyét doi khong phan anh duwoc
diéu d6. Gia st do chiéu dai cua hai cung duong,
dwoc két qua S; = 1500m * 50cm; S; = 10m *
50cm.

Hai phép do c6 cung sai s6 tuyét déi nhung
phép do sau chinh xac hon phép do truéc.

Tuy nhién, néu biét sai s0 tuyét ddi thi suy ra
sai s twong doi va nguoc lai. Mo rong (1) néu A =
X1 X5,..,Xn); a=f{x1Xz,...,.%,). Trong 46 xi, Xz,..., Xn
twong (ng la xap xi cia X3, X5, ..., X, v&i sai s6 tuyét
d6i Ay, Ay, ) By thi:

|4 —al = |zl A cn)|
DB C

Trong d6 ¢; nam giita x; va X;véi moi i.
Khi dé:

Ag= |Zz 15x, (C1: o Cn)| x; (4)

la sai 56 cia a. Twong tu, sai s6 twong d6i ctia
alaéd, I

(3)

Vidu1
Chou=x+y.TimA, biétA,,A,
Lou _ ou _
Giai: Theo (4), vi = ay 1
néndu =Ax + Ay ;
Vay Dyry= Dy + 4, (5)

Vidu?2

Cho u =x +y. Tim 6, biét &y, .
Gidi: Theo (3), taco A, = |y|Ax + |x]|4,
Ay lylAx + |x]4, A

5 Zx Ty -
Tl x| T lxl
=06, + 6y
Vay 6xy =6, + 6y (6)
Chuy
1) Twong tw vi du 2, ta ¢6 cong thirc (7)
8x/y = 6x + 6y (7)

2) Tlr cong thirc (5) ta suy ra cong thirc (8)
Oxn = by (8
Vidu3



Nguyén Viin Ngoc, T6 Vin Pinh/Tap chi Khoa hoc Ky thudt M6 - Pia chdt 60 (1), 88 - 93 89

Theé tich hinh cdu dwong kinh d tinh béi
1
V= ng.'d3

Cho d=3,7+0,05 va TT =3,14. Tinh &, va A, .

Giai: Theo cong thirc (5) va (8) ta cd 6, =
8y + 845 = 6, + 36,

M3t khac 8, = 2200 =

3,14

0,0135.

Vay 6y = 0,0005 + 3.0.0135 = 0,04

1
By=V.8, =.3,14.3,7°.0,04 = 1,06

0,0005, 5, = 22 =

3,7

2.3. Sai sé hé théng va sai sé tinh todn

N6i chung sai s6 hé thong hay sai s6 phwong
phép dwoc xac dinh thong qua sai s6 tinh toan cia
phwong phap doé. D€ sang té diéu nay ta xét chi tiét
vi du sau:
Vidu1

Tinh A = (V2 — 1)'° bing 2 phwong phap

Céch 1: Tinh tryc tiép A = (V2 -1

Cach 2: Ap dung khai trién Newton ta dworc
A=3363-2378V2

Bdng 1. Két qud ctia A tinh theo 2 cdch.

V2 (V2-1)  |3363-2378V2
1,4 0,0001048576 33,8
1.41 0,00013422659 10,02
1,41421  [0,00014866399 |  0,00862
1,414213563 | 0,00014867678 | 0,0001472

Két qua khac biét d6 xay ra vi theo cong thirc
(3), mdi phwong phap c6 sai s6 tinh toan khac
nhau. Cu thé theo céng thirc (3)
Sai s6'tinh todn theo cdch 1

A:(X_l)lﬂ

Suy ra: A,= 10. (x — 1)°A,
Sai s6'tinh todn theo cdch 2

A=3363-2378x

Suyra: A,= 2378A,

Tanhan thdy rang x4p xi x = 1,4 ¢4 sai s6 tuyét
d6i A= 0,05. Tinh sai s6 nhw trén dé dang ly giai
sw khac biét két qua trong Bang 1 (cac dong sau
ctia Bang 1 c6 sai s6 dwoc tinh twong tw).

Sw On dinh

Xét mot qua trinh tinh v6 han (téc la gom vo

sO buérc) dé tinh ra mot dai lwgng nao dé. Ta noi
qua trinh tinh 13 6n dinh néu sai s6 tinh toan tirc la
cac sai s6 quy tron tich liiy lai khong ting vo han.

Néu sai s6 do6 tang vo han thi ta n6i qua trinh
tinh la khéng 6n dinh.

RO rang néu qua trinh tinh khong 6n dinh thi
khé c6 hy vong tinh dwoc dai lwgng can tinh véi
sai s6 nho hon sai s6 cho phép. Cho nén trong tinh
toan nén tranh cac qua trinh tinh khéng 6n dinh.

D€ kiém tra tinh 6n dinh ciia mot qua trinh
tinh thwong ngwoi ta gia st sai s6 chi xay ra tai
mot buwéc, sau d6 cac phép tinh déu lam ding
khong c6 sai s6, néu cudi cung sai s tinh toan
khéng tang vo han thi xem nhw qua trinh tinh la
on dinh.

Vidu2
Xét qua trinh tinh

Yir1 = qVi 9)

Yovaq cho truéec.

Gia st tai budc i xac dinh nao d6 khi tinh y; ta
pham mot sai s6 6; (diy khong phai la ki hiéu cta
sai sO twong d6i nhw trwede day), nghia la thay cho
yita chi thu dworc y,. Gia st

| —yil =6,6 >0 (10)
Sau d6 thay cho y; 4 taco ;1 v&i (11)
Vi+1 = q¥i (11)

Lay (11) trtr (9) vé véi vé ta duoc:
Vi1 = Yi+1 = qVi — qVi
Viv1 = Yirr = 40 — Y1)

Tiép theo d6 ta co:
Yivz = qVit+1
Yit+2 = qYi+1

Bing phép trir nhw trén ta lai c6:
Vitz = Yivz = qFir1 — Vi+1)
=q*(i —»)
Mot cach téng quat ta c6 (12)
Visn = Yien = 4" Fi — Vi) (12)

Nhuw vay, néu & buédc thir i ta mic mot sai s
|¥; — y;] = 6 va sau d6 moi phép tinh déu lam
dung thi & budc i+n ta s& mic sai s6:

|Vien — YVienl = |q|n5
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Ta thay c6 hai trweomg hop can phan biét:
1) Trwong hop |q|<1 14c d6 |q|™ < 1 nén sai

~

SO

yi+n —Yitn = 8,vn
Nghia la sai s6 tinh todn bi chan (khéng ting
v0 han). Viy qua trinh tinh 0n dinh.
2) Trwong hop |q|>1 luc d6 |q|™ tang khi n
tang va |q|™ — oo khin — oo, nén sai sd

|Fisn — Vitn| = 0 khin — oo

Vay qua trinh tinh khong 6n dinh.

Trong thuc té, mac du qua trinh tinh 12 vé han,
ngudi ta cling chi lam mot s6 hitu han bwérc,
nhung van phai doi héi qua trinh tinh 6n dinh méi
hy vong véi mot s6 hitu han buéce co thé dat duoc
mirc do chinh xac mong muén.

4. Noi suy doi véri ham sd hai bién s6

CAc tai liéu phwong phap tinh chi dé cip bai
toan ndi suy cho ham s6 mét bién sé. Theo yéu cau
cta cac nha ky thudt ching t6i mé rong noi suy

Dé dang kiém nghiém z = F(x,y) nghiém dung
Bang 2.

Vidu1

Tim da thirc ndi suy Lagrange biét lwdi diém
nhw Bang 3.

Bdng 3. Lwdi diém da thike ndi suy Lagrange.

TT X y yA
1 2 2 0
2 2 0 2
3 2 -2 0
4 0 1 0
5 0 0 1
6 0 -1 0
7 -2 2 0
8 -2 0 2
9 -2 -2 0
Giai nhw Bang 4

Bdng 4. Két qua da thirc ndi suy Lagrange.

cho ham s6 hai bién s6 theo hai phwong phap sau. T s6 ctia da thiee | Mau s6 cua
41 Noi theo bh hén L 1 Lagrange cos¢  [Pa thirc co sé z
.1. Ngi suy theo phwong phdp Lagrange 1, x(x+2)(y-1)y 192 0
Bai todn 1 (+1)(y+2)
, ‘ 20| | Xx+2)0-2) 32 2
Cho trudc hé lwdi diém ba chiéu (v-D)(y+1)(y+2)
x(x+2)(y-2)
; , e o gl e . 2 -2 192 0
Bdng 2. Bdng gid tri cia ham s6 tai n diém cho truorc. (y-1)y(y+1)
X X1 Xz Xn 011 (x-2)(x+2)(y-2) 24 0
y Vi V2 Vn y(y+1)(y+2)
z Z Z2 Zn (x-2)(x+2)(y-2)
010 -16 1
(-1 (y+1)(y+2)
Tim ham s8 z = F(xy) thod man bang 2 dang 01| (x2)(x+2)(y-2) 24 0
da thirc Lagrange. -—Dyly+2)
Ham F{xy) dwoc thanh lap theo hai bwéc sau 212 (x—2)x(y — 1y 192 0
Budr 1 +D+2)
Lap ham s6 sau, goi 1a da thirc Lagrange co sé: 2lol (x-2x(y-2) 32 2
LG y) = (X)) (=) =D+ D +2)
R0 Y) = ) - Gxixie) (i) Cxi—x) 2|2 G-2x0-2) 192 |o
O~y Vi) §=Yir)-=yn)  (13) =-Dyy+1)

@i=y1) - 0i~Yi-)Vi=YVie1) - @i—yn)

X, i (1 <1< n) cho & Bang 2.
Buérc 2
Lap ham so

F(x,y) = Xizy (%, ¥)z; (14)

Vay ham sé can tim:

F(x,y) = x(x+2)(y—Z)(y—l)(y+1)(y+2)_2 n

32
x—2)(x+2)(y-2)y-D+1)(y+2) n

16
(x=2)x(y—2)(y-D(y+1)(¥+2) 2
32 ’
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F(x,y) =[x +2)(y - Dy - Dy +
DO+ +E@-DE+2D6 -0 - Do+
DO+ +x-2)x( -y -V +
D +2)]

4.2. Néi suy béi hé ham déc ldp tuyén tinh
Bai todn 2

Chon trieéc mét ho gom n ham s6, goi la ho
ham co s&

fl(x'y);fZ(x'y); "';fn(x'y)-
Tim z = F(x,y) théa man bang 2 dang
z=a,f1(x,y) + axfo(x,y) +
et anfnlx,y)

Trong do6: ay; a,; ...; a, 1a cac tham sé.

Ham F(xy) dugc thanh lap theo 2 buéc sau:

Budc 1

Giai hé phwong trinh tuyén tinh sau véi
aq; ay; ...;ay ladn, x, v, zi (1 <i<n) cho & Bang 2

(15)

arfi(x,y1) + axfo(,y1) + -+ anfi(x, y1) = 24

a;f1(x2,¥2) + a2 f2(x2,¥2) + -+ anfu(x2,¥2) = 2,
(16)

afi (xn' yn) + axf; (xn' yn) + anfn(xn' yn) =2y

Buérc 2

Lap ham s6 z = F(xy) theo cong thikc (15)

Dé gidi dwoc hé can diéu kién cho hé ham co
s& la ma trin cta hé (16) khong suy bién.

Vidu?2

Tim ham ndi suy cho lwdi diém & Vidu 1.

Giai: Do tinh d6i xtrng ciia ham lwdi, nén ta chi
can ndi suy cho cac diém lwéi trong goc phan tw [,
va hé ham co s& 13 cAc ham chan theo x va y.

Trong géc phan tw I c6 4 diém lwdi. Chon 4
hamcosélax?; y?; y*; 1.

Ham ndi suy c6 dang F (x,y) = ax? + by? +
cy* +d.

Bdng 5. Bdng gid tri

TT | x | vy X2 y2 y* 1 yA
11010 0 0 0 1 1
2 10 ]1 0 1 1 1 0
3 2 | 2 4 4 16 1 0
4 1210 4 0 0 1 2

Vay a, b, ¢, d la nghiém cta hé

0 0 0 1 a 1
01 1 1 b\_|(O
4 4 16 1 cl—\o
4 0 0 1/ \d 2
Giai hé dwoc nghiém:

a 0,25

b —0,16667

c 0,166667

d 1

Vay ham s6 can tim 1a

0.25x% — 1,16667y? + 0,166667y* + 1
Vidu 3

Giai vi du 2 v&i hé ham co sé khac.

Gidi: Trong goc phan tw I c6 4 diém lwdi. Chon
4 ham co s& chan theo bién x va y Ia
cosx ; cosy ; cos2y ; 1.

Ham ndi suy c6 dang F(x,y) =acosx +
b cosy + ccos2y +d.

Lap bang gia tri

Bdng 6. Bdng gid tri

x |y | cos(x) cos(y) cos(2y) |1|z
010 1 1 1 11
01 1 0.540302| -0.41615 |1 |0
212|-0.41615|-0.41615| -0.65364 |1 |0
210]-0.41615 1 1 1|2

Vay a, b, ¢, d la nghiém ctia hé

1 1 1 1
1 0,540302 —0,416151
—0,41615 —0,41615 —0,65364 1

-0,41615 1 1 1
a 1
b)Y [0
cl] \o
d 2
Giai hé dwoc nghiém

a —0,70614

b\ [ 0946482

c| | 0398902

d 0,360757

Vay ham ndi suy can tim la

F(x,y) = —0,70614 cos x + 0,946482 cos y +
+0,398902 cos 2y + 0,360757
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5. Kétluian

Bai bao nay trinh bay cac phwong phap noi
suy ham s6 hai bién s6 theo dinh huéng (rng dung.
Ching t6i lwa chon cach lay vi du dé chirng minh
cho hiéu qua cta cac phwong phap da trinh bay,
phu hop véi tw duy bién chirng cda cac nha ky
thuat.

Ching t6i chin thanh cdm on cac dong nghiép
da tin twdéng dit van dé. TAc gia rat vui va rat sdn
sang tiép tuc trao d6i cung cac ban & cac linh vuc
lién quan dén tng dung cla todn hoc trong ky
thuat.
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ABSTRACT

Some problems about errors and interpolation.

Ngoc Van Nguyen, Dinh Van To

Faculty of General Education, Hanoi University of Minning and Geology, Vietnam

All computations contain errors. In the first part of this article, computational errors are defined and
examined through several examples. We highlight the importance of selecting appropriate computation
method to ensure numerical stability. The second part of the article discusses data interpolation using
Lagrange polynomials. We demonstrate how Lagrange method can be extended for engineering
applications that involve more than one independent variable.



